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ON NOVEL ELASTIC STRUCTURES INDUCING PLASMONIC
RESONANCES WITH FINITE FREQUENCIES AND CLOAKING
DUE TO ANOMALOUS LOCALIZED RESONANCES
HONGJIE LI, JINHONG LI, AND HONGYU LIU
Abstract. This paper is concerned with the theoretical study of plasmonic
resonances for linear elasticity governed by the Lame´ system in R3, and their
application for cloaking due to anomalous localized resonances. We derive a
very general and novel class of elastic structures that can induce plasmonic reso-
nances. It is shown that if either one of the two convexity conditions on the Lame´
parameters is broken, then we can construct certain plasmon structures that in-
duce resonances. This significantly extends the relevant existing studies in the
literature where the violation of both convexity conditions is required. Indeed,
the existing plasmonic structures are a particular case of the general structures
constructed in our study. Furthermore, we consider the plasmonic resonances
within the finite frequency regime, and rigorously verify the quasi-static approx-
imation for diametrically small plasmonic inclusions. Finally, as an application
of the newly found structures, we construct a plasmonic device of the core-shell-
matrix form that can induce cloaking due to anomalous localized resonance in
the quasi-static regime, which also includes the existing study as a special case.
Keywords: anomalous localized resonance, plasmonic material, negative elastic
materials, asymptotic and spectral analysis
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1. Introduction
1.1. Mathematical setup. We are concerned with the elastic wave scattering
governed by the Lame´ system in R3. Suppose that the space R3 is occupied by an
isotropic elastic medium whose material property is characterized by a four-rank
tensor C(x) := (Cijkl(x))
3
i,j,k,l=1,
Cijkl(x) := λ(x)δijδkl + µ(x)(δikδjl + δilδjk), x = (xα)
3
α=1 ∈ R3, (1.1)
where λ, µ are real-valued functions, and δ is the Kronecker delta. λ and µ are the
modulus of elasticity and are referred to as the Lame´ parameters. For a regular
elastic material, the Lame´ parameters satisfy the following two strong convexity
conditions,
i). µ > 0 and ii). 3λ+ 2µ > 0. (1.2)
It is assumed that outside a bounded domain D, the elastic medium is uniform and
homogeneous; that is,
λ = λ0 and µ = µ0 in R
3\D, (1.3)
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where λ0 and µ0 are two constants, particularly satisfying (1.2). In order to de-
scribe the elastic wave propagation in the space (R3;λ, µ) mentioned above, we
first introduce the Lame´ operator
Lλ,µu(x) := ∇ ·C∇̂u(x) = µ∆u(x) + (λ+ µ)∇∇ · u(x), (1.4)
where u ∈ C3 signifies the displacement field and ∇̂ represents the symmetric
gradient,
∇̂u := 1
2
(∇u+∇ut) (1.5)
with the superscript t denoting the matrix transpose. We consider our study in the
frequency regime and let ω ∈ R+ denote the frequency of the time-harmonic elastic
wave. Let f ∈ H−1(R3)3 denote a forcing/source term. Henceforth, we always
assume that f is compactly supported in R3. Then the elastic wave scattering is
described by the following Lame´ system for u ∈ H1loc(R3)3,{ Lλ,µu(x) + ω2u(x) = f in R3,
u(x) satisfies the radiation condition.
(1.6)
In (1.6), u is said to satisfy the radiation condition (or equivalently, to be radiating),
if there holds the following Kupradze radiation condition as |x| → +∞ (cf. [14]),
(∇×∇× u)(x)× x|x| − ikT∇× u(x) =O(|x|
−2),
x
|x| · [∇(∇ · u)](x)− ikL∇u(x) =O(|x|
−2),
(1.7)
where kT := ω/
√
µ0 and kL := ω/
√
λ0 + 2µ0. The strong convexity conditions in
(1.2) guarantee the ellipticity of the PDO (partial differential operator) Lλ,µ and
hence the well-posedness of the scattering system (1.6).
In metamaterials, exotic elastic materials with negative material parameters have
been artificially engineered; see e.g. [12] and [15]. In this paper, we consider the
case that the negative elastic material is supported in D of the following form
λ˜ = (ǫ1 + iδ)λ0 and µ˜ = (ǫ2 + iδ)µ0, (1.8)
where ǫ1 and ǫ2 are two real scaling parameters and δ ∈ R+ signifies the loss of the
medium. The choice of ǫ1 and ǫ2 is critical and shall be investigated in details in
what follows. In principle, ǫ1 and ǫ2 shall be chosen such that λ˜ and µ˜ violate the
convexity conditions in (1.2). In such a case, (D; λ˜, µ˜) is referred to as a plasmonic
inclusion. In what follows, we let C˜ signify the elastic tensor where the Lame´
parameters are specified by (λ˜, µ˜) in D, and by (λ0, µ0) in R
3\D, respectively. We
also set C0 to signify the elastic tensor where the Lame´ parameters are specified by
(λ0, µ0) throughout R
3. Now, let us consider the elastic wave scattering system (1.6)
associated with the medium configuration C˜, and denote by uδ the corresponding
radiating field. Define,
E(uδ, f) := δ
∫
D
∇̂uδ : C0∇̂uδ(x)dx, (1.9)
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where A : B =
∑
i,j aijbij for two matrices A = (aij) and B = (bij). E(uδ, f)
signifies the energy dissipation of the elastic system (1.6) due to the presence of
the plasmonic inclusion (D; λ˜, µ˜) and the source f . The elastic configuration is said
to be resonant if
lim sup
δ→+0
E(uδ, f) = +∞. (1.10)
By (1.9) and (1.10), it can be easily infer that if resonance occurs, then high oscil-
lation would occur for the elastic wave field. If such a highly oscillatory behaviour
of the resonant elastic wave field is confined within a certain bounded region, and
outside of that region, the elastic field is convergent to a smooth one, then we say
that cloaking due to anomalous localized resonance occurs.
1.2. Background and motivation. The mathematical research on plasmonic
resonances has received significant attentions in recent years. The key ingredi-
ent is that due to the presence of negative material parameters, the ellipticity of
the underlying PDO is broken. The non-elliptic PDO may then possess a nontrivial
kernel and hence various resonance phenomena can be induced for an appropriate
forcing term. Particularly, highly oscillatory behaviour of the resonant field is ob-
served and hence energy blowup occurs accompanying the resonance. There are
some other peculiar resonance behaviours have been found, such as the localizing
effect; that is, the energy blowup of the resonant field is confined within a cer-
tain region and outside of that region, the resonant field remains bounded. The
plasmonic resonances have been proposed for many striking potential applications
including maging resolution enhancement, invisibility cloaking and energy harvest-
ing. There have been intensive and extensive studies in the literature for optics
and we refer to [1, 7–9, 13, 18–25] for the relevant results in electrostatics governed
by the Laplace equation, [2,6,11] in acoustics governed by the Helmholtz equation
and [3] in electromagnetism governed by the Maxwell system.
The plasmonic resonance associated to the Lame´ system has been recently stud-
ied in [5,10,16,17]. According to our earlier discussion, the first crucial ingredient
is the appropriate choice of the plasmon Lame´ parameters ǫ1λ0 and ǫ2µ0 such that
the following homogeneous Lame´ system possesses nontrivial solutions,
ψ ∈ H1loc(R3)3, Lλ̂,µ̂ψ(x) = 0, ψ(x) = O(|x|−1) as |x| → +∞, (1.11)
where
(λ̂, µ̂) = (ǫ1λ0, ǫ2µ0)χD + (λ0, µ0)χR3\D, (1.12)
with χ denoting the characteristic function. The nontrivial solutions to (1.11) are
referred to as the perfect elastic waves in the literature which form the nontriv-
ial kernel of the PDO Lλ̂,µ̂. In the aforementioned existing studies [5, 10, 16, 17],
the corresponding analysis heavily relies on a peculiar plasmonic structure of the
form (1.12) with ǫ1 = ǫ2 = ǫ being a proper negative number. That is, the plas-
mon parameters inside the inclusion are both proportional to the homogeneous
background elastic parameters by a same negative constant. This assumption sig-
nificantly simplifies the corresponding mathematical arguments in [16,17] through
the variational approach and in [5, 10] through the spectral approach via the use
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of the so-called Neumann-Poincare´ operator. Indeed, the simplification is criti-
cal to the derivation of the perfect plasmon waves as well as the primal and dual
variational principles for the Lame´ system in [16, 17]; and to the reduction of the
resonance study to an integral system associated with the Neumann-Poincare´ op-
erator in [5,10]. This naturally raises a question: what is the appropriate definition
of (plasmonic) negativity in elasticity? This question is easily understood in the
context of optics, where two material parameters are involved, namely the elec-
tric permittivity and magnetic permeability. The positivity of the two optical
parameters is also the mathematical condition to guarantee the ellipticity of the
corresponding PDOs governing the relevant physical phenomena. Hence, if either
one or both of the two optical parameters is (are) negative, then plasmonic reso-
nances can be expected. This has actually been verified in the earlier mentioned
literature. Hence, in the context of elasticity, it is unobjectionable to conjecture
that for an elastic inclusion in (1.12), if ǫ1 and ǫ2 are such chosen that either one
of the two convexity conditions in (1.2) is violated by the Lame´ parameters ǫ1λ0
and ǫ2µ0, then plasmonic resonance can be expected. We note that the existing
studies in [5, 10, 16, 17] are a particular case of this conjecture where both the
convexity conditions are violated. The first objective of the paper is to affirma-
tively verify this conjecture. In fact, we shall show that if either one of the two
convexity conditions on the Lame´ parameters is broken, then we can construct
certain plasmon structures that induce resonances. Our construction is actually
exclusive and includes the existing plasmonic structures as a special case. The
second objective of the paper is concerned with the verification of the quasi-static
approximation for the plasmonic resonance in elasticity. The plasmonic resonance
has been experimentally discovered in the nanoscale. To study this phenomenon
mathematically, one usually sets the frequency to be zero in the physical model
based on the heuristic principle of quasi-static approximation. This approximate
model has been adopted for the study in [5, 10, 16, 17]. In this paper, we shall
work on the resonance in the finite-frequency regime associated with diametrically
small plasmonic inclusions, and rigorously verify the validity of the quasi-static
approximation. The third objective of our study is to consider the application of
plasmonic resonances in invisibility cloaking. As an application of the newly found
structures, we construct a plasmonic device of the core-shell-matrix form that can
induce cloaking due to anomalous localized resonance. Due to technical reasons,
we only consider our study in this part in the quasi-static regime. Nevertheless, it
still includes the localizing and cloaking study of plasmonic resonances in [10] as a
particular case.
Finally, we would like to remark two issues in our study. First, we confine our
study within the spherical geometry. It might be innocently thought that working
within the spherical geometry associated with piecewise constant elastic configu-
ration, one might make use of the separating variable technique by conveniently
manipulating the spherical wave series of the solutions in order to determine the
plasmonic resonance. However, using the Fourier series technique, one would de-
rive a large-scale system with many unknowns coupled together in many infinite
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series, it would be really hard to find a clue to determine the suitable plasmonic
configurations that can induce resonance. As can be seen in our subsequent study,
we shall make a combination use of layer potential technique, spectral analysis,
asymptotic analysis as well as Fourier series expansion to derive all the possible
plasmonic structures that can induce resonance in terms of energy blowup within
the finite-frequency regime. Indeed, the spherical geometry is basically required in
all of the existing stuides [5, 10, 16, 17] since essentially one would need accurate
information on the perfect plasmon modes to (1.11) in order to study the plasmonic
resonance. In order to overcome this geometrical restriction, one might resort to
the computer using numerical methods, but this is a matter beyond the scope of
the present article. Second, we are mainly concerned with the mathematical and
theoretical study of plasmon materials in linear elasticity, and the engineering con-
struction and physical implementation are beyond our scope. We hope that our
theoretical findings may motivate some novel practical applications.
The rest of the paper is organized as follows. In Section 2, we collect some pre-
liminary knowledge on quasi-static approximation and properties of layer potential
operators, which shall be needed in the subsequent study. Section 3 is devoted to
the main results on the novel elastic structures and the corresponding plasmonic
resonances. In Section 4, we consider the cloaking due to anomalous localized
resonance. Our study is concluded with some relevant discussion in Section 5.
2. Preliminaries on the Lame´ system
2.1. Quasi-static approximation. We first fix a definite setup for our study.
As discussed earlier, we shall consider the plasmonic resonance for diametrically
small elastic inclusion, namely, the Lame´ system (1.6)–(1.7) associated with the
elastic configuration C˜ defined after (1.8). Let Ω be a bounded domain with a
connected complement and τ ∈ R+ be an asymptotically small scaling parameter.
Set D = τΩ. Then by a straightforward change of variable y = x/τ , one can
show that if uδ(x) satisfies the Lame´ system (1.6) associated with C˜ and f , then
vδ(y) := uδ(x) verifies the following Lame´ system,{ Lλ,µvδ(y) + (τω)2vδ(y) = g(y) in R3,
vδ(y) satisfies the radiation condition,
(2.1)
where (λ, µ) = (λ˜, µ˜)χΩ + (λ0, µ0)χR3\Ω and g(y) = τ
2f(τy). Hence, in order to
study the resonance associated with C˜ and f for a diametrically small plasmonic
inclusion, it suffices to consider the resonance associated with the Lame´ system
(2.1). Note that for an asymptotically small scaling parameter τ , this is also
equivalent to considering the resonance for the Lame´ system (1.6)–(1.7) associated
with C˜ and f as ω → +0. Hence, in order to save notations, throughout the rest
of the paper, we shall conduct our study for the Lame´ system (1.6)–(1.7) for uδ
associated with C˜ and f as ω → +0. As discussed in the introduction, we shall
confine our study within spherical geometry; that is, the plasmonic inclusion D is a
central ball. However, at most of places in the subsequent study, we shall still stick
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to the notation D of a general smooth domain. Indeed, most of the subsequent
results hold for a general smooth domain. But there are some results which are
only valid for a ball, and in such cases, we shall clearly indicate it. In doing so,
some of the results can be directly used for future developments within general
geometries.
2.2. Properties on layer potential operator. We present some preliminary
knowledge on layer potential operators for the Lame´ system. First, we introduce
the fundamental solution to the PDO Lλ0,µ0 + ω2, namely the Kupradze matrix
Γω = (Γωj,k)
3
j,k=1 given by
Γωj,k = −
δjk
4πµ|x|e
iω|x|
cT +
1
4πω2
∂j∂k
e
iω|x|
cT − e
iω|x|
cL
|x| , (2.2)
with ∂j denoting ∂/∂xj , and
cT =
√
µ0, cL =
√
λ0 + 2µ0. (2.3)
From the expression (2.2) one can readily have the following expansion:
Γωj,k =−
1
4π
+∞∑
n=0
in
(n+ 2)n!
(
n + 1
cn+2T
+
1
cn+2L
)
ωnδjk|x|n−1
+
1
4π
+∞∑
n=0
in(n− 1)
(n + 2)n!
(
1
cn+2T
− 1
cn+2L
)
ωn|x|n−3xjxk.
(2.4)
If ω = 0, then the fundamental solution to the PDO Lλ0,µ0, namely the Kelvin
matrix Γ0 = (Γ0j,k)
3
j,k=1 is given by
Γ0j,k(x) = −
γ1
4π
δjk
|x| −
γ2
4π
xjxk
|x|3 , (2.5)
where
γ1 =
1
2
(
1
µ0
+
1
2µ0 + λ0
)
and γ2 =
1
2
(
1
µ0
− 1
2µ0 + λ0
)
. (2.6)
It can be verified that there holds the following relationship,
Γω = Γ0 + ωMω, (2.7)
where Mω = (Mωjk)
3
j,k=1 is given by
Mωj,k =−
1
4π
+∞∑
n=1
in
(n + 2)n!
(
n+ 1
cn+2T
+
1
cn+2L
)
ωn−1δjk|x|n−1
+
1
4π
+∞∑
n=2
in(n− 1)
(n+ 2)n!
(
1
cn+2T
− 1
cn+2L
)
ωn−1|x|n−3xjxk.
(2.8)
Next, we introduce the layer potential operators. Given a distributional function
ϕ ∈ H−1/2(∂D)3, the single layer potential operator is defined as
SωD[ϕ](x) =
∫
∂D
Γω(x− y)ϕ(y)ds(y), x ∈ R3. (2.9)
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The conormal derivative (or the traction) of a function u ∈ H1(D) on the boundary
∂D is defined as
∂u
∂ν
:= λ0(∇ · u)ν + µ0(∇u+∇ut)ν, (2.10)
where ν denotes the exterior unit normal vector to ∂D. Then the conormal deriv-
ative of the single layer potential enjoys the following jump relation (cf. [14]),
∂
∂ν
SωD[ϕ]|±(x) =
(
±1
2
I + (KωD)∗
)
[ϕ](x), a.e. x ∈ ∂D, (2.11)
where (KωD)∗ is the so-called Neumann-Poincare´ (N-P) operator defined by
(KωD)∗[ϕ](x) = p.v.
∫
∂D
∂
∂ν
x
Γω(x− y)ϕ(y)ds(y). (2.12)
In (2.12), p.v. stands for the Cauchy principal value. Here and also what in
follows, the subscripts + and − indicate the limits (to ∂D) from outside and inside
D, respectively, and ∂
∂νx
Γω(x− y)ϕ(y) is defined by
∂
∂ν
x
Γω(x− y)ϕ(y) := ∂
∂ν
x
(Γω(x− y)ϕ(y)).
When ω = 0, we denote S0D and (K0D)∗ as SD and K∗D for simplicity. From the
decomposition of Γω in (2.7), one can obtain
SωD = SD + ωPω, (2.13)
with
Pω[ϕ](x) =
∫
∂D
Mω(x− y)ϕ(y)ds(y), x ∈ R3. (2.14)
Furthermore, the operator (KωD)∗[ϕ](x) could be decomposed as
(KωD)∗ = K∗D + ωQω, (2.15)
with
Qω[ϕ](x) = ∂νPω[ϕ](x). (2.16)
Let ω1 be a small positive number, then there exists a positive constant C inde-
pendent of ω < ω1 such that∫
D
∫
∂D
|∂α
x
Mωj,k(x− y)|2ds(y)dx ≤ C, (2.17)
for all α = (α1, α2, α3) satisfying |α| ≤ 2, where ∂αx is the partial derivative with
respect to x. Then with the help of the Cauchy-Schwarz inequality and the last
inequality (2.17), one can show that
‖Pω[ϕ]‖H2(D)3 ≤ C ‖ϕ‖L2(∂D)3 , (2.18)
and
‖Qω[ϕ]‖H1(D)3 ≤ C ‖ϕ‖L2(∂D)3 , (2.19)
for all ϕ ∈ L2(∂D)3. By the trace theorem, Pω maps L2(∂D)3 into H3/2(∂D)3 and
Qω maps L2(∂D)3 into H1/2(∂D)3. By duality, Pω maps H−3/2(∂D)3 into L2(∂D)3,
and by interpolation, H−1/2(∂D)3 into H1(∂D)3. Similarly, one can show that Qω
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maps H−1/2(∂D)3 into L2(∂D)3. To sum up, for a given ω1, there exists a positive
constant C independent of ω ≤ ω1 such that
‖Pω[ϕ]‖H1(∂D)3 ≤ C ‖ϕ‖H−1/2(∂D)3 , (2.20)
and
‖Qω[ϕ]‖H0(∂D)3 ≤ C ‖ϕ‖H−1/2(∂D)3 , (2.21)
for all ϕ ∈ H−1/2(∂D)3.
Next we define a new inner product on H−1/2(∂D)3 by
(ϕ,ψ)H∗ := −〈ϕ,SD[ψ]〉, ϕ,ψ ∈ H−1/2(∂D)3, (2.22)
where 〈·, ·〉 is the duality pairing of H−1/2(∂D)3 and H1/2(∂D)3. Since the operator
SD is invertible from H−1/2(∂D)3 to H1/2(∂D)3, hence the right side of (2.22) is
well-defined. It can be verified that (·, ·)H∗ is the inner product on H−1/2(∂D)
and we denote by ‖·‖H∗ the norm induced by this inner product; see [4] for more
relevant results. Furthermore, there holds
‖ϕ‖H∗ ≈ ‖ϕ‖H−1/2(∂D)3 . (2.23)
In what follows, we denote the space H1/2(∂D)3 by H.
The N-P operator K∗D is not a compact operator even if the domain D has a
smooth boundary, thus we cannot infer directly that the N-P operator has point
spectrum. However, in [10], when the domain D is a ball, the eigenvalues of the
N-P operator K∗D and its corresponding eigenfunctions have been explicitly derived.
Theorem 2.1 ( [10]). Suppose that the domain D is a central ball of radius r0,
then the eigenvalues of the operator K∗D are given by
ξn1 =
3
4n+ 2
,
ξn2 =
3λ0 − 2µ(2n2 − 2n− 3)
2(λ0 + 2µ0)(4n2 − 1) ,
ξn3 =
−3λ0 + 2µ0(2n2 + 2n− 3)
2(λ0 + 2µ0)(4n2 − 1) ,
(2.24)
where n = 1, 2, 3, . . ., and the corresponding eigenfunctions are given as follows,
κ
n,m
1 (x) =∇SY mn (xˆ)× νx,
κ
n,m
2 (x) =∇SY mn (xˆ) + nY mn (xˆ)νx,
κ
n,m
3 (x) =−∇SY mn−1(xˆ) + nY mn−1(xˆ)νx,
(2.25)
where Y mn , m = −n, . . . , n, n ∈ N, are the spherical harmonics of order n and
degree m, S denotes the unit sphere and ∇S is the surface gradient on S.
Remark 2.1. It has been pointed out in [10] that the eigenfunctions κn,mi given
in (2.25) form an orthogonal basis on L2(S)3. By normalization, we can form an
orthonormal basis with respect to the norm ‖·‖H∗ from those eigenfunctions, which
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we still denote by the same notations. That is, in what follows, we shall assume
that
‖κn,mi ‖H∗ = 1, (2.26)
for i = 1, 2, 3, n ≥ 1 and −n ≤ m ≤ n. Moreover, these eigenfunctions are also the
eigenfunctions of the operator SD on the surface of the central ball D of radius r0.
In fact, we have
SD[κn,m1 ] = en1r0κn,m1 ,
SD[κn,m2 ] = en2r0κn,m2 ,
SD[κn,m3 ] = en3r0κn,m3 ,
(2.27)
where
en1 = −
1
µ0(2n+ 1)
,
en2 = −
µ0(2 + 3n) + λ0(n + 1)
µ0(λ0 + 2µ0)(4n2 − 1) ,
en3 = −
λ0(n− 1) + µ0(3n− 2)
µ0(λ0 + 2µ0)(4n2 − 1) .
(2.28)
Remark 2.2. By direct calculations, it can be verified that the traction of SD[κ1,mi ],
i = 1, 2 and m = −1, 0, 1, vanishes on the boundary of ∂D. This fact shall be used
in our subsequent arguments.
3. Novel plasmonic structures and resonances
We are in a position to derive the novel plasmonic structures and study the asso-
ciated resonances. In what follows, we let Lλ˜,µ˜, ∂ν˜ , S˜ωD and (K˜ωD)∗ denote the Lame´
operator, the associated conormal derivative, and the single layer potential operator
and the N-P operator corresponding to the Lame´ parameters (λ˜, µ˜), respectively.
It can be readily shown that the elastic scattering system for uδ associated with C˜
defined after (1.8) and a forcing source f is equivalent to the following transmission
problem, 
Lλ˜,µ˜uδ(x) + ω2uδ(x) = 0, x ∈ D
Lλ0,µ0uδ(x) + ω2uδ(x) = f , x ∈ R3\D
uδ(x)|− = uδ(x)|+, x ∈ ∂D
∂ν˜uδ(x)|− = ∂νuδ(x)|+, x ∈ ∂D,
(3.1)
where ∂ν is given in (2.10). Set
F(x) :=
∫
R3
Γω(x− y)f(y)dy, x ∈ R3. (3.2)
The solution uδ to the system (3.1) can be represented as the following integral
ansatz,
uδ =
{ S˜ωD[ϕδ](x), x ∈ D,
SωD[ψδ](x) + F, x ∈ R3\D,
(3.3)
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for some ϕδ,ψδ ∈ H∗ that will be determined by using the transmission conditions
across ∂D in (3.1). By the transmission conditions across ∂D, we have{ S˜ωD[ϕδ]− SωD[ψδ] = F,
∂ν˜ S˜ωD[ϕδ]|− − ∂νSωD[ψδ]|+ = ∂νF,
x ∈ ∂D. (3.4)
Let X := H∗ ×H∗ and Y := H×H∗, and define an operator Aωδ : X → Y by
Aωδ =
[ S˜ωD −SωD
∂ν˜ S˜ωD|− −∂νSωD|+
]
. (3.5)
Then the system (3.4) can be rewritten as
Aωδ
[
ϕδ
ψδ
]
=
[
F
∂νF
]
. (3.6)
Clearly, if the system (3.6) with δ = 0 is uniquely solvable, then no resonance
occurs. Hence, in order to have resonance occurred, one needs to determine suitable
λ˜ and µ˜ defined in (1.8) such that the system (3.6) with δ = 0 is not uniquely
solvable. To that end, we next study the behaviour of the operator (Aωδ )−1 as
δ → +0.
First, we split Aωδ into two parts: Aωδ = Aδ + T ωδ , where
Aδ =
[ S˜D SD
−1/2I + K˜∗D −1/2I −K∗D
]
. (3.7)
Then one can have from (2.13), (2.15), (2.20) and (2.21) that
‖T ωδ ‖L(X,Y ) ≤ Cω. (3.8)
We have the following lemma,
Lemma 3.1. For h ∈ H and g ∈ H∗ with the following Fourier series representa-
tions,
g =
3∑
i=1
∞∑
n=1
n∑
m=−n
gn,mi κ
n,m
i , (3.9)
and
h =
3∑
i=1
∞∑
n=1
n∑
m=−n
hn,mi κ
n,m
i , (3.10)
the solutions to
Aδ
[
ϕ
ψ
]
=
[
h
g
]
(3.11)
are given by
ϕ =
3∑
i=1
∞∑
n=1
n∑
m=−n
ϕn,mi κ
n,m
i , (3.12)
with
ϕn,mi =
gn,mi − (1/2 + ξni )hn,mi /(r0eni )
−1/2 + ξ˜ni − (1/2 + ξni )e˜ni /eni
, (3.13)
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and
ψ = S−1D S˜D[ϕ]− S−1D [h]. (3.14)
Proof. It is directly verified that (3.11) is equivalent to the following system of
integral equations,{ S˜D[ϕ]− SD[ψ] = h,
(−1/2I + K˜∗D)[ϕ] + (−1/2I −K∗D)[ψ] = g,
on ∂D (3.15)
Since the operator SD : H∗ → H is invertible in three dimensions [4], from the first
equation in (3.15) one can obtain
ψ = S−1D S˜D[ϕ]− S−1D [h]. (3.16)
Substituting (3.16) into the second equation of (3.15) yields(
−1/2I + K˜∗D − (1/2I +K∗D)S−1D S˜D
)
[ϕ] = g − (1/2 +K∗D)S−1D [h]. (3.17)
Since the eigenfunctions given in (2.25) are complete on L2(S), the density function
ϕ can be represented as follows
ϕ =
3∑
i=1
∞∑
n=1
n∑
m=−n
ϕn,mi κ
n,m
i . (3.18)
Next we calculate the coefficient ϕn,mi . By Remark 2.1, since κ
n,m
i are also the
eigenfunctions for the operator SD which is invertible as mentioned above, with
the representation of h given in (3.10), one can obtain from (2.27) that
S−1D [h] =
3∑
i=1
∞∑
n=1
n∑
m=−n
hn,mi
eni r0
κ
n,m
i , (3.19)
where eni is given in (2.28). Substituting (3.9), (3.12) and (3.19) into (3.17) and
using (2.24) and (2.27), one can obtain that
ϕn,mi =
gn,mi − (1/2 + ξni )hn,mi /(r0eni )
−1/2 + ξ˜ni − (1/2 + ξni )e˜ni /eni
. (3.20)
This completes the proof. 
As a consequence of Lemma 3.1, we obtain the following critical result.
Theorem 3.1. Let (ϕ,ψ) be the solution of (3.11). Then the following hold for
sufficiently small δ.
(1) ‖(Aδ)−1‖L(Y,X) ≤ Cδ−1.
(2) If
ǫ2 = c
n
1 , (3.21)
for n ∈ N and n ≥ 2 with
cn1 := −
n + 2
n− 1 , (3.22)
then ‖ϕ‖H∗ ≥ C|ϕn,m1 |δ−1.
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If
ǫ2 = c
n
2,1, (3.23)
for n ∈ N with
cn2,1 := −
ǫ1(n+ 1)λ0
(3n+ 2)µ0
; (3.24)
or if
ǫ2 = c
n
2,2, (3.25)
for n ∈ N and n ≥ 2 with
cn2,2 := −
(2n2 + 1)λ0 + (2n
2 + 2n+ 2)µ0
2(n− 1)((n+ 1)λ0 + (3n+ 2)µ0) , (3.26)
then ‖ϕ‖H∗ ≥ C|ϕn,m2 |δ−1.
If
ǫ1 = c
n
3 (3.27)
for n ∈ N with
cn3 := −
2ǫ2((n
2 − n+ 1)ǫ2 + 3n2 + n− 2)µ0
((2n2 + 1)ǫ2 + 2n2 − 2)λ0 , (3.28)
then ‖ϕ‖H∗ ≥ C|ϕn,m3 |δ−1.
(3) If ǫ2 6= cn1 , ǫ1 6= cn3 for all n, and ǫ2 6= cn2,j, for all n and j = 1, 2, then
‖(Aδ)−1‖L(Y,X) ≤ C for some C.
Proof. By straightforward though tedious calculations, one can show that
1
| − 1/2 + ξ˜ni − (1/2 + ξni )e˜ni /eni |
≤ Cδ−1. (3.29)
Moreover, from (3.12) there holds
‖ϕ‖2H∗ ≤ Cδ−2
3∑
i=1
∞∑
n=1
n∑
m=−n
|gn,mi − (1/2 + ξni )hn,mi /(r0eni )|2
≤ Cδ−2(‖h‖2H + ‖g‖2H∗).
(3.30)
Using (3.14), one can then obtain that
‖ψ‖2H∗ ≤ Cδ−2(‖h‖2H + ‖g‖2H∗). (3.31)
Therefore we have shown (1) in the theorem.
Next we give the proof of the result stated in (2). If i = 1 and n = 1, one can
show that
1
| − 1/2 + ξ˜11 − (1/2 + ξ11)e˜11/e11|
≤ C. (3.32)
If i = 1 and n ≥ 2, by setting ǫ2 = cn1 , one has that
1
| − 1/2 + ξ˜n1 − (1/2 + ξn1 )e˜n1/en1 |
≥ Cδ−1.
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When i = 2 and n = 1, only if ǫ2 = c
1
2,1, there holds that
1
| − 1/2 + ξ˜12 − (1/2 + ξ12)e˜12/e12|
≥ Cδ−1.
When i = 2 and n ≥ 2, either ǫ2 = cn2,1 or ǫ2 = cn2,2 can ensure the following
inequality hold
1
| − 1/2 + ξ˜n2 − (1/2 + ξn2 )e˜n2/en2 |
≥ Cδ−1.
When i = 3 and n ≥ 1, if ǫ1 = cn3 , then there holds
1
| − 1/2 + ξ˜n3 − (1/2 + ξn3 )e˜n3/en3 |
≥ Cδ−1.
Therefore we have
‖ϕ‖H∗ ≥ C|ϕn,mi |δ−1, (3.33)
where i and n depend on the values of ǫ1 and ǫ2. Hence, (2) is proved.
If ǫ2 6= cn1 , ǫ1 6= cn3 for all n, and ǫ2 6= cn2,j , for all n and j = 1, 2, then one can
obtain
1
| − 1/2 + ξ˜ni − (1/2 + ξni )e˜ni /eni |
≤ C. (3.34)
Hence
‖ϕ‖2H∗ ≤ C
3∑
i=1
∞∑
n=1
n∑
m=−n
|gn,mi − (1/2 + ξni )hn,mi /(r0eni )|2
≤ C(‖h‖2H + ‖g‖2H∗),
(3.35)
and
‖ψ‖2H∗ ≤ C(‖h‖2H + ‖g‖2H∗). (3.36)
This proves (3).
The proof is complete. 
Next we give the estimate of E(uδ) as δ → +0. By direct calculations and
Green’s formula, one has that
E(uδ) = E(S˜[ϕδ]) = δ
∫
D
∇̂S˜ωD[ϕδ] : C0∇̂S˜ωD[ϕδ]dx
= ℑ
(∫
∂D
∂ν S˜ωD[ϕδ]|− · S˜ωD[ϕδ]ds(x)
)
−
∫
D
Lλ0,µ0S˜ωD[ϕδ] · S˜ωD[ϕδ]dx
= ℑ
(∫
∂D
∂ν S˜ωD[ϕδ]|− · S˜ωD[ϕδ]ds(x)
)
+ ω2
∫
D
|S˜ωD[ϕδ]|2dx.
(3.37)
The last equality follows from
Lλ0,µ0S˜ωD[ϕδ] + ω2S˜ωD[ϕδ] = 0. (3.38)
One can see from (2.13) and (2.20) that∫
D
|S˜ωD[ϕδ]|2dx ≤ C ‖ϕδ‖2H∗ . (3.39)
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By the jump relation (2.11), one further has that∫
∂D
∂ν S˜ωD[ϕδ]|− · S˜ωD[ϕδ]ds(x) =
∫
∂D
(
−1
2
I + (K˜ωD)∗
)
[ϕδ] · S˜ωD[ϕδ]ds(x). (3.40)
From (2.13) and (2.15), one can find that∫
∂D
∂ν S˜ωD[ϕδ]|− · S˜ωD[ϕδ]ds(x) =
∫
∂D
(
−1
2
I + K˜∗D
)
[ϕδ] · S˜D[ϕδ]ds(x)+A, (3.41)
where
A =
∫
∂D
(
ωQ˜ω[ϕδ]
)
· S˜D[ϕδ]ds(x)
+
∫
∂D
(
−1
2
I + K˜∗D + ωQ˜ω
)
[ϕδ] ·
(
ωP˜ω[ϕδ]
)
ds(x).
(3.42)
Since K˜∗D is bounded on H−1/2(∂D)3, one can deduce as follows
|A| ≤Cω
(∥∥∥S˜D[ϕδ]∥∥∥
H−1/2
∥∥∥Q˜ω[ϕδ]∥∥∥
H1/2
+∥∥∥P˜ω[ϕδ]∥∥∥
H1/2
(
C ‖ϕδ‖H−1/2 +
∥∥∥ωQ˜ω[ϕδ]∥∥∥
H−1/2
))
≤Cω ‖ϕδ‖2H−1/2 .
(3.43)
Using the fact that the eigenfunctions given in Theorem 2.1 are complete on H∗,
the function ϕδ has the following Fourier representation
ϕδ =
3∑
i=1
∞∑
n=1
n∑
m=−n
ϕn,mδ,i κ
n,m
i . (3.44)
Then one can conclude that
ℑ
(∫
∂D
(
−1
2
I + K˜∗D
)
[ϕδ] · S˜D[ϕδ]ds(x)
)
=ℑ
(
3∑
i=1
∞∑
n=1
n∑
m=−n
|ϕn,mδ,i |2e˜ni
(
−1/2 + ξ˜ni
))
,
(3.45)
where ξ˜ni , e˜
n
i , n ≥ 1, i = 1, 2, 3 are the eigenvalues the of the operators K˜∗D and S˜D
corresponding to the parameters (λ˜, µ˜), respectively. Next we give the estimate of
ℑ
(
e˜ni
(
−1/2 + ξ˜ni
))
for i = 1, 2, 3. When i = 1 and n ≥ 1, one has that
ℑ
(
e˜n1
(
−1/2 + ξ˜n1
))
= ℑ
(
n− 1
(2n+ 1)2µ˜
)
=
(n− 1)
(2n+ 1)2(ǫ21 + δ
2)µ0
δ. (3.46)
When i = 2 and n ≥ 1, one can derive that
ℑ
(
e˜n2
(
−1/2 + ξ˜n2
))
= ℑ
(
2(n− 1)|e˜n2 µ˜|2
1
µ˜
)
=
2(n− 1)|e˜n2 µ˜|2
(ǫ21 + δ
2)µ0
δ. (3.47)
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When i = 3 and n ≥ 1, there holds
ℑ
(
e˜n2
(
−1/2 + ξ˜n2
))
= (δµ0d1 + δ
3µ0d2)/d3, (3.48)
where
d1 =4ǫ1ǫ2λ0µ0(n
3 − 2n2 + 2n− 1) + ǫ21λ20(2n3 − 2n2 + n− 1)
+ ǫ22µ0(λ0(4n
2 − 1)n + 2µ0(3n3 − 5n2 + 5n− 2)),
(3.49)
d2 = (λ0(n− 1) + µ0(3n− 2))(λ0(2n2 + 1) + 2µ0(n2 − n+ 1)), (3.50)
and
d3 = |(λ˜+ 2µ˜)(4n2 − 1)|2. (3.51)
Since δ is sufficient small, only the contribution of δµ0d1/d3 should be taken into
consideration. Using the strong convexity condition given in (1.2), one can conclude
that, when n ≥ 1,
d1 > 0, (3.52)
which is independent of the values of ǫ1 and ǫ2. From (3.46), (3.47), one can obtain
that when n = 1,
ℑ
(
e˜11
(
−1/2 + ξ˜11
))
= ℑ
(
e˜12
(
−1/2 + ξ˜12
))
= 0. (3.53)
Thus we decompose ϕδ into two parts, namely
ϕδ = ϕ
′
δ +ϕ
′′
δ , (3.54)
where
ϕ′′δ =
2∑
i=1
1∑
m=−1
ϕ1,mδ,i κ
1,m
i ,
and
ϕ′δ = ϕδ −ϕ′′δ .
From (3.46), (3.47) and (3.48), together with (3.54), there holds that
ℑ
(∫
∂D
(
−1
2
I + K˜∗D
)
[ϕδ] · S˜D[ϕδ]ds(x)
)
≈ δ ‖ϕ′δ‖2H∗ . (3.55)
Combining (3.41), (3.43) and (3.55), one has that
(δ − ω) ‖ϕ′δ‖2H∗ − ω ‖ϕ′′δ‖2H∗ ≤ E(S˜[ϕδ]) ≤ (δ + ω) ‖ϕ′δ‖2H∗ + ω ‖ϕ′′δ‖2H∗ . (3.56)
We are ready to present one of the main results of the current article on the
novel plasmonic structures and the corresponding resonances.
Theorem 3.2. Assume ωδ−1 ≤ h0 for a sufficiently small h0 ∈ R+. Let uδ be the
solution to (3.1) corresponding to C˜ and f with (λ˜, µ˜) defined in (1.8).
(i) If ǫ2 = c
n
1 or c
n
2,1 or c
n
2,2 with n ≥ 2 or ǫ1 = cn3 with n ≥ 1, where cn1 , cn2,1, cn2,2
and cn3 are given in statement (2) of Theorem 3.1, then
E(uδ) ≈ δ−1 (3.57)
as δ → +0. That means, resonance occurs with the plasmonic structures
described above.
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(ii) If ǫ2 6= cn1 , ǫ1 6= cn3 for all n, and ǫ2 6= cn2,j, for all n and j = 1, 2,, then there
exists a positive constant C independent of δ such that
E(uδ) ≤ C. (3.58)
That means, resonance does not occur with the plasmonic structures de-
scribed above.
Proof. Since Aωδ = Aδ + T ωδ = Aδ(I + (Aδ)−1T ωδ ), it follows from (3.6) that
Φδ = (I + (Aδ)−1T ωδ )−1A−1δ [F ], (3.59)
where
Φδ =
[
ϕδ
ψδ
]
and F =
[
F
∂νF
]
. (3.60)
We see from (3.8) and the statement (1) in Theorem 3.1 that∥∥(Aδ)−1T ωδ ∥∥L(X) ≤ Cδ−1ω. (3.61)
Hence, if δ−1ω is sufficiently small, then there holds∥∥Φδ −A−1δ [F ]∥∥X ≤ Cδ−1ω ∥∥A−1δ [F ]∥∥X . (3.62)
Suppose that ǫ1 and ǫ2 are given in (i) of the theorem. Let (Aδ)−1[F ] =
(ϕ1,ψ1)
T . Then (2) in Theorem 3.1 shows that
‖ϕ′1‖H∗ ≥ C|ϕn,mi |δ−1, (3.63)
and
‖ϕ′′1‖H∗ ≤ C, (3.64)
where
ϕn,mi = (∂νF)
n,m
i − (1/2 + ξni )(S−1[F])n,mi , (3.65)
with
∂νF =
3∑
i=1
∞∑
n=1
n∑
m=−n
(∂νF)
n,m
i κ
n,m
i , (3.66)
and
S−1[F] =
3∑
i=1
∞∑
n=1
n∑
m=−n
(S−1[F])n,mi κn,mi . (3.67)
It then follows from (3.62) that
‖ϕδ‖H∗ ≥ C(‖ϕ1‖H∗ − δ−1ω
∥∥A−1δ [F ]∥∥X) ≥ C|ϕn,mi |δ−1, (3.68)
if ϕn,mi 6= 0. Thus we obtain from (3.56) that
E(uδ) = E(S˜[ϕδ]) ≥ C|ϕn,mi |2δ−1. (3.69)
If ǫ1 and ǫ2 satisfy the conditions given in (ii) of the theorem, then we can infer
from Theorem 3.1, (3), that
‖Φδ‖X ≤ C ‖F‖Y . (3.70)
Therefore, we have from (3.3) and (3.56)
E(uδ) = E(S˜[ϕδ]) ≤ C ‖ϕδ‖H∗ ≤ C. (3.71)
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The proof is complete.

Remark 3.1. As discussed earlier in the introduction, in the existing studies [5,10,
16, 17], the plasmon parameters are always taken to be of the following form,
λ̂ = ǫλ0 and µ̂ = ǫµ0,
with ǫ being an appropriate negative number. Clearly, such plasmon parameters
break both convexity conditions in (1.2). For the plasmonic resonances proved in
Theorem 3.2, it is straightforward to verify that for the plasmon parameters
λ̂ = ǫ1λ0 and µ̂ = ǫ2µ0,
considered therein,
(1) if ǫ2 = c
n
1 , they break the first convexity condition in (1.2);
(2) if ǫ2 = c
n
2,1, they break the second convexity condition in (1.2);
(3) if ǫ2 = c
n
2,2, they break the first convexity condition in (1.2);
(4) if ǫ1 = c
n
3 with ǫ2 < 0, they break the first convexity condition in (1.2) and
if ǫ1 = c
n
3 with ǫ2 ≥ 0, they break the second convexity in (1.2).
Particularly, it can be verified that the plasmonic structures considered in [5, 10,
16, 17] are included as some special cases in those general ones constructed in
Theorem 3.2.
Remark 3.2. From the proof in theorem 3.2, it can be directly seen that if we
formally take ω = 0 in (3.1), then the resonance results in Theorem 3.2 still hold.
That is, we have rigorously verified the quasi-static approximation for the plasmonic
resonances. Moreover, according to Theorem 3.2, we have provided the condition
ω/δ ≪ 1 that ensure the validity of the quasi-static approximation.
4. Cloaking due to anomalous localized resonance in elasto-statics
In this section, we consider the cloaking due to anomalous localized resonance
associated with the newly found plasmonic structures in the previous section. Ac-
cording to the study in [5, 10, 16, 17], in order to have the localizing and cloaking
effects, one should incorporate a core inside the plasmonic inclusion. That is,
the concerned plasmonic structure takes a core-shell-matrix form, which we shall
describe in the sequel.
First of all, we assume that the region D is a central ball of radius re, namely
Bre , and inside the the ball Bre there is a concentric ball Bri with ri < re. Inside
Bri the Lame´ parameters are (λ˘, µ˘), where
λ˘ = ǫ3λ0 and µ˘ = ǫ4µ0, (4.1)
with ǫ3 ∈ R and ǫ4 ∈ R. The Lame´ parameters in the shell Bre\Bri and in the
matrix R3\Bre are, respectively, (λ˜, µ˜) and (λ0, µ0), as defined in (1.3) and (1.8).
In what follows, we let C˘ signify the elastic tensor where the Lame´ parameters
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are specified by (λ˘, µ˘) and it is same for C˜ and C0, respectively, corresponding to
(λ˜, µ˜) and (λ0, µ0). Next we introduce another elastic tensor CB as follows,
CB := C˘χBri + C˜χBre\Bri
+C0χR3\Bre . (4.2)
We shall show that by properly choosing ǫl, l = 1, 2, 3, 4, and a suitable forcing
source from a certain class, then cloaking can occur due to anomalous localized
resonance. As can be seen that the core-shell-matrix structure involves four Lame´
parameters to be determined. The corresponding analysis becomes much more
complicated and delicate than that in the previous section. In what follows, we
shall only consider our cloaking study in the quasi-static regime; that is, we simply
take the frequency to be zero. Nevertheless, similar to our study in Section 3 on the
plasmonic resonances, it is unobjectionable to claim that the quasi-static approxi-
mation is justifiable; that is, the result obtained should also hold for diametrically
small plasmonic devices with finite frequencies.
Associated with the elastic configuration CB, the elasto-statics is described by
the following Lame´ system for uδ ∈ H1loc(R3)3,{
∇ ·CB∇ˆuδ = f in R3,
uδ(x) = O(|x|−1) as |x| → ∞,
(4.3)
where f ∈ H−1(R2)3 is a source function compactly supported in R3\Bre and
satisfies ∫
R3
f(x) dx = 0. (4.4)
It is remarked that (4.4) should be understood in the distributional sense. For
technical reasons again, we shall only consider a special, still very general, class of
sources as described in the sequel.
First, we introduce the following Newtonian potential F of the source f by
F(x) :=
∫
R3\Bre
Γ0(x− y)f(y)dy, x ∈ R3, (4.5)
where Γ0 is given in (2.5). Since the source f is compactly supported in R3\Bre,
there exist τ > 0 such that
Lλ0,µ0F = 0, x ∈ Bre+τ\Bre. (4.6)
Using the fact that the eigenfunctions κn,mi , i = 1, 2, 3 given in (2.25) form an
orthogonal basis on L2(S2)3, the potential F can be written as
F(x) =
3∑
i=1
∞∑
n=1
n∑
m=−n
(
fn,mi SBre+τ [κn,mi ](x)
)
+ c, x ∈ Bre+τ\Bre, (4.7)
where c is a constant. In what follows, we shall assume that fn,mi = 0 when i = 2, 3;
that is, the Newtonian potential of the source f only contains the terms involving
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SBre+τ [κn,m1 ], and doesn’t contain any terms involving SBre+τ [κn,mi ], i = 2, 3. For
any fixed r1 ∈ R+ and eigenfunction κn,m1 , straightforward calculations yield that
SBr1 [κ
n,m
1 ] =
{
en1r
n/rn−11 κ
n,m
1 , |x| ≤ r1,
en1r
n+2
1 /r
n+1κ
n,m
1 , |x| > r1.
(4.8)
Therefore, by the above assumption on the source term, we actually have that the
Newtonian potential of the source f has the following representation
F =
∞∑
n=1
n∑
m=−n
fn,m
rn
rne
κ
n,m
1 + c, x ∈ Bre+τ\Bre , (4.9)
which contains only the first kind eigenfunctions κn,m1 . In (4.9),
(
(fn,m
√
n)
n
m=−n
)∞
n=1
∈
l2. For the subsequent use, we have by direct calculations that the traction of F
on the boundary ∂Bre is given by
∂νF =
∞∑
n=1
n∑
m=−n
fn,m
µ0(n− 1)
re
κ
n,m
1 x ∈ ∂Bre . (4.10)
Similar to (1.9), we introduce the following quantity signifying the energy dissi-
pation of the elasto-static system (4.3),
E(uδ) := ℑ
∫
D
∇̂uδ : C˜∇̂uδ(x)dx. (4.11)
We say that cloaking due anomalous localized resonance occurs if the following
conditions are satisfied  lim supδ→+0 E(uδ)→ +∞,|uδ(x)| ≤ C, |x| > r0, (4.12)
where uδ ∈ H1loc(R3)3 is the solution to (4.3), and C, r0 are two finite positive
constants. By (4.12), one sees that the highly oscillatory behaviour of the resonant
field is confined within the region Br0 , and hence localizing effect is observed.
Moreover, in the physical situation, by scaling the elasto-static system with a factor
being 1/
√
E(uδ), one readily verifies that the scaled filed outside Br0 vanishes,
and hence the scaled source as well as the plasmonic structure are invisible to the
measurement made in R3\Br0.
Henceforth, we let Lλ˘,µ˘, ∂ν˘ , S˘Bre and K˘∗Bre , respectively, denote the Lame´ opera-
tor, the associated conormal derivative, the single layer potential operator and the
N-P operator corresponding to the Lame´ parameters (λ˘, µ˘). The same notations
shall be adopted for the Lame´ parameters (λ˜, µ˜) . Then it can be readily seen
that the elasto-static system (4.3) can be equivalently formulated as the following
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transmission problem,
Lλ˘,µ˘uδ(x) = 0, in Bri ,
Lλ˜,µ˜uδ(x) = 0, in Bre\Bri,
Lλ0,µ0uδ(x) = f , in R3\Bre,
uδ|− = uδ|+, ∂ν˘uδ|− = ∂ν˜uδ|+ on ∂Bri ,
uδ|− = uδ|+, ∂ν˜uδ|− = ∂νuδ|+ on ∂Bre .
(4.13)
The solution to the PDE system (4.13) can be represented by using the following
integral ansatz,
uδ(x) =

S˘Bri [υ](x), x ∈ Bri,
S˜Bri [φ](x) + S˜Bre [ϕ](x), x ∈ Bre\Bri,
SBre [ψ](x) + F(x), x ∈ R3\Bre,
(4.14)
where F is given in (4.5). It is obvious that the solution given in (4.14) satis-
fies the first three equalities in (4.13). Furthermore, by matching the boundary
transmission conditions in (4.13), we have
S˘Bri [υ] = S˜Bri [φ] + S˜Bre [ϕ], on ∂Bri ,
∂ν˘ S˘Bri [υ]|− = ∂ν˜(S˜Bri [φ] + S˜Bre [ϕ])|+, on ∂Bri ,
S˜Bri [φ] + S˜Bre [ϕ] = SBre [ψ] + F, on ∂Bre ,
∂ν˜(S˜Bri [φ] + S˜Bre [ϕ])|− = ∂ν(SBre [ψ] + F)|+, on ∂Bre .
(4.15)
With the help of the jump property in (2.11), (4.15) further yields the following
integral system,
S˘Bri −S˜Bri −S˜Bre 0
−1
2
+ K˘∗Bri −
1
2
− K˜∗Bri ∂ν˜i S˜Bre 0
0 S˜Bri S˜Bre −SBre
0 ∂νeSBri −12 + K˜∗Bre −12 −K∗Bre


υ
φ
ϕ
ψ
 =

0
0
F
∂νF
 ,
(4.16)
where ∂ν˜i and ∂νe signify taking the conormal derivatives on the boundaries of Bri
and Bre , respectively. Substituting (4.8), (4.9) and (4.10) into (4.16), along with
the use of Theorem 2.1, one can conclude that the solutions to (4.16) have the
following Fourier series expansions,
υ =
∞∑
n=2
n∑
m=−n
υn,m
dn
κ
n,m
1 + υ1, φ =
∞∑
n=2
n∑
m=−n
φn,m
dn
κ
n,m
1 , (4.17)
and
ϕ =
∞∑
n=2
n∑
m=−n
ϕn,m
dn
κ
n,m
1 +ϕ1, ψ =
∞∑
n=2
n∑
m=−n
ψn,m
dn
κ
n,m
1 , (4.18)
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where
υ1 =
1∑
m=−1
−3f 1,mµ˘
re
κ
1,m
1 , ϕ1 =
1∑
m=−1
−3f 1,mµ˜
re
κ
1,m
1 , (4.19)
υn,m = −fn,mµ0µ˘µ˜(2n+ 1)3ρn−1, (4.20)
φn,m = fn,mµ0(µ˘− µ˜)µ˜(n− 1)(2n+ 1)2ρn−1, (4.21)
ϕn,m = −fn,mµ0µ˜(2n+ 1)2((n− 1)µ˘+ (n + 2)µ˜), (4.22)
and
ψn,m =fn,m(n− 1)(2n+ 1)(−µ0(µ0 − µ˜)((n− 1)µ˘+ (n + 2)µ˜)
+ µ0(µ˘− µ˜)((n− 1)µ0 + (n+ 2)µ˜ρ2)),
dn =((n− 1)µ˘+ (n + 2)µ0)((n− 1)µ˘+ (n+ 2)µ˜)
+ (n+ 2)(n− 1)ρ2n+1(µ˘− µ˜)(−µ0 + µ˜).
(4.23)
Here and also throughout the rest of the paper, ρ := ri/re. Then it follows from
(4.8) that the solution in the shell Bre\Bri can be written as
S˜Bri [φ]+S˜Bre [ϕ] =
∞∑
n=2
n∑
m=−n
en1
(
φn,m
dn
rn+2i
rn+1
+
ϕn,m
dn
rn
rn−1e
)
κ
n,m
1 +rϕ1, x ∈ Bre\Bri ,
(4.24)
whereas the solution in R3\Bre is given by
F+ S˜Bre [ψ] = F+
∞∑
n=2
n∑
m=−n
en1
(
ψn,m
dn
rn+2e
rn+1
)
κ
n,m
1 , x ∈ Bre\Bri. (4.25)
We set
ǫ2 = −n0 + 2
n0 − 1 and ǫ4 =
(
n0 + 2
n0 − 1
)2
, (4.26)
with n0 > 1 properly chosen in what follows (cf. (4.37)). Here, we emphasize
that the parameters ǫl, l = 1, 2, 3, 4, completely determine the plasmonic device
according to (4.2). Indeed, in our subsequent study, the parameters ǫ1 and ǫ3 can
be any fixed finite real numbers and hence the choice of the parameters in (4.26)
fixes the cloaking device for our study. We note that choice of ǫ2 in (4.26) actually
comes from (3.22) in Theorem 3.1. However, we would like to remark that the
parameter n0 is chosen to be dependent on δ (see (4.37) again), and this is critical
in our study. Particularly, it guarantees that the following estimates hold,
|dn0| ≈ n20
(
δ2 + ρ2n0
)
, (4.27)
and
|dn| ≈
(
n− n0
n0
)2
when n 6= n0, (4.28)
where dn is defined in (4.23).
Next we can have some preliminary estimate of the energy E(uδ). First of all,
we divide the solution in the shell Bre\Bri into two parts, namely
S˜Bri [φ] + S˜Bre [ϕ] = Hn0 +Hn˜0, (4.29)
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where
Hn0 =
n0∑
m=−n0
en01
(
φn0,m
dn0
rn0+2i
rn0+1
+
ϕn0,m
dn0
rn0
rn0−1e
)
κ
n0,m
1 ,
and
Hn˜0 =
∞∑
n=2,n 6=n0
n∑
m=−n
en1
(
φn,m
dn
rn+2i
rn+1
+
ϕn,m
dn
rn
rn−1e
)
κ
n,m
1 + rϕ1.
Then the energy E(uδ) can be represented as
E(uδ) = ℑ
∫
D
∇̂uδ : C˜∇̂uδdx
= ℑ
∫
D
∇̂Hn0 : C˜∇̂Hn0dx+ ℑ
∫
D
∇̂Hn˜0 : C˜∇̂Hn˜0dx.
(4.30)
Straightforward calculations give
ℑ
∫
D
∇̂Hn0 : C˜∇̂Hn0dx ≈
n0∑
m=−n0
|fn0,m|2n0δ
δ2 + ρ2n0
, (4.31)
and
ℑ
∫
D
∇̂Hn˜0 : C˜∇̂Hn˜0dx ≈
∞∑
n=2,n 6=n0
n∑
m=−n
δ|fn,m|2n4n0
(n− n0)3 ≤ Cδ, (4.32)
since (fn,m
√
n)
∞
n=1,m=−n,...,n ∈ l2. Then one can conclude that
E(uδ) ≈
n0∑
m=−n0
|fn0,m|2n0δ
δ2 + ρ2n0
. (4.33)
We are in a position to present the main theorem of the current section.
Theorem 4.1. Let the Lame´ tensor CB be described in (4.2) with ǫ2 and ǫ4 given
in (4.26). Assume the source f is supported in Br∗\Bri with r∗ =
√
r3e/ri and its
Newtonian potential F is given in (4.9) with (fn,m
√
n)
∞
n=1,m=−n,...,n ∈ l2. Then the
cloaking due to anomalous localized resonance occurs, namely, the two conditions
in (4.12) are fulfilled. If the source f is supported outside Br∗, then the anomalous
localized resonance does not occur.
Proof. First, we prove the non-resonance result. If the source f is supported outside
Br∗ , then the potential F given in (4.9) converges on |x| = r∗+α with r∗ =
√
r3e/ri
and α > 0 small enough, namely
∞∑
n=2
n∑
m=−n
rne
rni
n|fn,m|2 < C, (4.34)
with C a certain positive constant. From the expression in (4.33), one then has
E(uδ) ≈
n0∑
m=−n0
|fn0,m|2n0
δ + ρ
2n0
δ
≤ Cn0
n0∑
m=−n0
rn0e
rn0i
|fn0,m|2 ≤ C, (4.35)
which means that the anomalous localized resonance does not occur.
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Next we prove the result of cloaking due to anomalous localized resonance. Sup-
pose that the source f is supported inside Br∗ , then there holds
lim sup
n→∞
(
m=n∑
m=−n
|fn,m|
rne
)1/n
> 1/
√
r3e
ri
,
namely
lim sup
n→∞
(
m=n∑
m=−n
|fn,m|
)2
>
rni
rne
. (4.36)
Let n0 ∈ N be chosen such that
(ri/re)
n0 < δ ≤ (ri/re)n0−1. (4.37)
It is remarked that for sufficiently small δ, one has that n0 > 1. Then by using
(4.33), the following estimate of energy E(uδ) holds
E(uδ) ≈ r
n0
e
rn0i
n0∑
m=−n0
|fn0,m|2n0 ≥ Cr
n0
e
rn0i
n0
(2n0 + 1)
(
n0∑
m=−n0
|fn0,m|
)2
. (4.38)
Finally, from (4.36) and (4.38), one can obtain that
supE(uδ)→ +∞ as δ → +0, (4.39)
which means that the first condition of (4.12) is satisfied. As for the second one,
direct computation yields that
|ψn0,m| ≈ δ|fn0,m|n30. (4.40)
Thus, with the help of (4.27), one can conclude that
|ψ
n0,m
dn0
| ≈ |f
n0,m|n0
δ + ρ
2n0
δ
≤ C r
n0
e
rn0i
|fn0,m|n0. (4.41)
For n 6= n0, one has that
|ψn,m| ≈ n
2|n− n0||fn,m|
n0
, (4.42)
which together with (4.28) implies that for n 6= n0
|ψ
n,m
dn
| ≈ n
2n0|fn,m|
|n− n0| . (4.43)
Finally, from the expression of the solution outside Bre in (4.25), one can obtain
that if |x| > r2e/ri
|uδ| ≤ |F|+ C
∞∑
n=2
n∑
m=−n
n
r2ne
rni
|fn,m|
rn
≤ C, (4.44)
which is the second condition of (4.12). That is, cloaking due to anomalous local-
ized resonance occurs.
The proof is complete. 
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Remark 4.1. In order to make the phenomenon of cloaking due to anomalous local-
ized resonance occur, we only need to take ǫ2 and ǫ4 to be the ones given in (4.26);
that is, only the Lame parameters µ˘ and µ˜ have a certain specific form, whereas
the Lame´ parameters λ˘ and λ˜ are free to choose.
5. Concluding remarks
In this paper, we consider the plasmonic resonance and cloaking due to anoma-
lous localized resonance in linear elasticity. The crucial ingredient is allowing the
presence of negative elastic materials, which breaks the strong convexity conditions
satisfied by the Lame´ parameters. The resonant field reveals highly oscillatory be-
haviour that is manifested by the blowup of the energy dissipation in the underlying
elastic system as the loss parameter goes to zero. The choice of the negative Lame´
parameters for the plasmonic structures is critical for the occurrence of the reso-
nances. Within the spherical geometric setup, we derive all the possible plasmonic
structures that can induce resonances. These include the existing ones studied in
the literature as a special case in the current article. Furthermore, we prove the
plasmonic resonances for those newly found structures within the finite-frequency
regime. Prior to our result, the plasmonic resonances have been investigated only
for elasto-statics. Hence, our results validate the quasi-static approximation of
the plasmonic resonance for diametrically small elastic inclusions. Finally, as an
application of the newly found structures, we construct a plasmonic device of the
core-shell-matrix form that can induce cloaking due to anomalous localized res-
onance in the quasi-static regime. This also includes the existing study in the
literature as a particularly case.
In our study, we have made a combination use of layer potential technique, spec-
tral analysis, asymptotic analysis as well as Fourier techniques. In principle, the
framework developed can be used to derive the plasmonic resonances and cloaking
for the elliptic geometry using the elliptical coordinate system. However, one would
encounter much more technical and delicate analysis. The newly found plasmonic
structures may find interesting applications in other areas such as imaging resolu-
tion enhancement. We shall investigate these and other interesting issues in our
future work.
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